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Inspiring Quote

A good portfolio is more than a long list of good stocks and
bonds. It is a balanced whole, providing the investor with

protections and opportunities with respect to a wide range of
contingencies.

— Harry Markowitz
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Learning Outcomes

Define and describe what a vector derivative is and how it works.

Obtain a quick glimpse into partial differentiation.
Analyze the component details of matrix calculus.
Formulate a Lagrangian for constrained optimization with Lagrange multipliers.

Derive the first-order conditions by applying the matrix calculus.

A A A A A X

Solve the first-order conditions using matrix algebra.

A

Discuss the efficient frontier.
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Definition
-] Let z be a column k-vector. Consider the function
9(@) = g(z1,22,...,73) : R* — R

[ The is defined as

879(1:)
o= and  Tgl@) = 5 ge) poogle) gl
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Basic Properties

] For constant vector a and matrix A,

9
ox

oxT

O (e Az) = (A+ A7)
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[ f(z1,x2) := a121 + agzy = a'x

Investment

| [f1($1,«’172)] — [a11$1+a12332] — Az

fa(xa, z2) a91%1 + a2

0
goT (A2) =

afr
ox1

Af2
ox1

Numerical lllustration
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Illustration

afr
dxz | |a11 a12 —A
af2 a1 a2 )
Oxo

T _ 2 2
rJ g(x1,22) =2 Az = an12] + aw; + a122122 + a217122

o o
P (.’I:TA:L‘) = 87;
0z

Christopher Ting

_|2a1171 + a12we + as1z2| [ |a11
2a20x9 + a1221 + a2171
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An Interesting Theorem of Matrix Calculation
Theorem 2.1 (Derivative of Trace).

Given two matrices X x4 and Ay . Then

OTe(XA) _ 7
ox
] The product of XA is
11 - Tig| [ann - ayp Do T co DA AT
XA=|: -~ || o o= 2 :
Tpt o Tpg] [Qql cc Cgp Y1 Tpiai e iy Tpitlip

[J The trace of XA is the sum of the diagonal elements.

q q q p
Tr(XA) = Zmliaﬂ + .-+ priaip = Z Z T jiQij
=1 =1

= =il g=il
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An Interesting Theorem of Matrix Calculation (contd)
[ Differentiate a function f(X) with respect to X is

ofxX) ... 9fX)

orx) _ | " o
0X oFX) . ofX)
0xp1 0% pq
q
[ Since f(X x;;a;7, computation shows that
J J
(§31:1§:§:11Uiaw) o 8(§:izl§:§:13Uiau)
ITe(XA) orn O71q
ox : h :
8(231:1225:11Uiaw) o 8(§:izl§:§:11Uiau)
0xp1 Opg

Christopher Ting

TIRFELISF—1

a1 e aql

alp o e aqp

July 4, 2025 Version 1.0 9/22



Investment
[ Je]

Investment
<> For each dollar invested, a fraction w; is invested in 1. It must be that
n
Z w; = 1.
=1
= The are arranged as a n-vector w.
< The 'S and are, respectively,

n n
pp =E(rp) = > wiE(r:) = wipm=w'p
=1 =1

012, =V (r'p) = Zn: Zn: WiW;j045 — w' Sw.

i=1 j=1
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Numerical lllustration

<> Suppose there are two assets. 1 = 5% and pz = 8%
< The is a 2 by 2 matrix.

5. [on o12] _ [0.0625 —0.01

" |o91 099 —0.01 0.16
<2 Given that the variance of 1is 0.0625, its is v/0.0625 = 25% per
annum.

<> The volatility of asset 2 is
= The 's and are, respectively,

pp = 0.05w71 + 0.08ws
o7 = 0.0625w; — 0.0lwyws — 0.01wwy + 0.16w3
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Optimization with Constraints

<> Minimize half the portfolio variance under two constrains:

é:QWE(m) = EO@)

K> Constrained optimization with Lagrange multipliers X and :

) 1 n n n n

i=1 j=1
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In Matrix Form

<> The Lagrangian L is
L= %wTEw —ANw'p—pp) —Ypw'1-1).
<> Note that ¥ is a symmetric matrix.
K> The first-order conditions (FOC) with respect to w, A, and v are
Yw—- -yl =0
wip = g

w'l

Christopher Ting F—yRBEIF—1
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Solution of First FOC

K> The first FOC gives the solution for the

w* =27 (A + 91).

<> But what are the values of the Aand ¢?
K> To solve for \ and v, substitute the above into the last two
FOC’s,

plw* = p" S O+ yl) = p,

1Tw* = 1S (M +y1) =1
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Solution of Second and Third FOCs

'O Let 0= [LTE_l[.L
b= p'S 11
c:= 1" 1

K> The last two FOCs can be written as

a b Al | e

b ¢ v |1 |
<> Solving these two linear equations, we obtain

Cpp — b a — bpyp
A= = .
ac — b2’ ¥ ac — b?

Christopher Ting F—YRBEIF—1
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Optimal Weight Vector and Portfolio Variance

K> The optimal weight is then solved as

*

v — E_l((cup — b)p,-l— (a — b,up)1>

ac — b2

Keywords
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K> The portfolio variance is a quadratic function of the expected portfolio return 5

2
T« CHy—2bpp,+a
op =V (r,) =w* Zw* =L -
e 9 2b a
ac — 52" T ge —p2HP T e g2
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Global Minimum Variance Portfolio

K> The global minimum variance portfolio is obtained by minimizing V (r,) with
respect to 4.
dv (rp) 2¢c 2b

dpp ac—2'" " e — 2’
K> The results of the first-order conditions are

b 1 11

2
= — g = — w =
Hye c’ * c’ * P
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Example

? For the two assets, compute the inverse matrix

51 [0.0625 —0.01]‘1

—0.01 0.16
B 1 0.16 0.0
~ 0.0625 x 0.16 — (—0.01) x (—0.01) [0.01 0.0625
_ [16.16 1.01
~ 101 631
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¢ So the three
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Three Scalars

a, b, and c are

a=p'S"
16.16 1.01] [0.05
= [0.05 0.08] [1'01 6,31} {0.08]
— 0.088864;
b et ll,TE_ll
16.16 1.01] [1
= [0.050.08] [1.01 6.31} M
= 1.4441
c=1"211
= 24.49.

F—IREEIF—1
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Optimal Mean and Variance

? The
P = P 0.0590, 0% = P 0.0408.
7 So the minimum is o = 20.21%.
7 The for wy for the global minimum variance portfolio is
¥ 1 1 [16.16 1.01] [1]  [70.10%
W =TT T o429 (101 6.31) [1] T [29.90%]

7 So invest 70.1% of your money in Asset 1 and 29.9% in Asset 2 to earn 5.90%
with a of 20.21%.

Christopher Ting TIRFELISF—1 July 4, 2025 Version 1.0 20/22



Introduction Matrix Calculus Investment
000 00000 [e]e]

Numerical lllustration Keywords
[e]e]e] ) o]

o
=
@

Exepcted Return
[}

0.06+:

0.04

0.0z

] 0.5 1 15 2 25
Yolatility
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asset, 10, 11, 18
Constrained optimization, 12
constrains, 12

covariance, 11

diagonal elements, 8
expected portfolio return, 16
expected return, 10, 11
expected variance, 10, 11
first-order conditions, 13, 17
FOC, 13

global minimum variance portfolio, 17, 20

inverse matrix, 18
Lagrange multipliers, 12, 14
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optimal weight, 16
optimal weight vector, 14
expected return, 20

per annum, 11

portfolio, 10, 11

portfolio variance, 12, 16
scalars, 19

symmetric matrix, 13
trace, 8

vector derivative, 5
volatility, 11, 20

weight vector, 14, 20
weights, 10
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