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Inspiring Mystery

The eternal silence of these infinite spaces frightens me.

—Blaise Pascal
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Learning Outcomes
I Build a strong case for studying linear space in the context of informatics and data
science.

T Demonstrate a deeper understanding of vectors and a plane in the 3-dimensional
space from the geometrical standpoint.

I Compute the inner product of two vectors, and the angle formed by two location
vectors.

I lllustrate the concepts of space, linear space and subspace by providing appropriate
examples.

T Use inner product to formulate linear classifiers of machine learning
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Learning Outcomes (o-%)

T Make a connection between the system of first-order equations to the concept of
subspace.

T Analyze the relations among the concepts of linear independence, linear
dependence, linear combination, and the rank of a matrix.

A

Define and derive the basis transformation matrix.

I Create the links among span, basis, dimension, rank, system of linear equations, and
concepts that appear in the discussion of linear space.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 5/53
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Preamble

I In Part 1, a vector is defined abstractly as a set of numbers arranged as an array
vertically.

I The term “dimension” refers to the number of rows or entries a vector has.

T Likewise, a matrix is simply p x ¢ numbers arranged as a rectangle. It is also defined
as a vector of row vectors, or a row vector of vectors.

I The rank of a matrix is abstractly defined as the sum of the main components in the
context of matrix simplification.

I But geometrically, what are the meanings of vectors and matrices?

Christopher Ting Practical English | May 7, 2024 Ver 1.1 6/53
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Point and Vector

“ el

point (1,3)

Y
Y

I What is the difference between a point and a vector in :R2?
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Interpretation of a Vector

X The arrow from one point to another A
point gives rise to m (2,3)

T The [ between two points gives

. . 1
N magnitude | vector ||

I Let there be the Euclidean co-ordinate
system. Suppose a is an n-dimensional (1,1)
vector. Its length is defined as

Y

lali= /a3 + a3 + -+ 2.
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Addition and Scalar Multiplication of Vectors

Support Vector Machine
00

Vectors addition and subtraction
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Geometric Vectors: A Summary

o

(]
S

g

1T magnitude and direction
1T addition and scalar multiplication
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Basis Vectors ¢; and Location Vector

T
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Example of 3-Dimensional Location Vectors

T3

|
|
I
|
|
| | )

z1
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Inner Product

For two n-dimensional location vectors a and b which are not null vectors, the
(a,b) is defined as

a-b=(a.b) = |lal| ] cos(6).

where ¢ is the EIftl) formed by a and b, and | - | is the [T of the vector defined on
R, |

Properties of vector’s inner product
(a,b) = (b, a)
A (a+b,c)=(a,c)+ (b,c)
(sa,b) = s(a, b) = (a, sb), where s € R is the scalar.
(ei,e;) = d;5, where i, =1,2,...,n for the basis vectors e;.

Christopher Ting Practical English | May 7, 2024 Ver 1.1  13/53
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Example of Inner Product

a by
Compute the inner product of two 3-dimensional location vectors a = [as| and b = | b
as bs

Find the angle 6 formed by them.

IT - We first express a and b in terms of the basis vectors as follows:
a = aje] + azes + agzes, b =bie; + boes + b3es.
1T Then from Property (4) of the basis vectors with n = 3,
3
(a, b) = Z aibj(ei, ej) = a1b1 + agby + asbs.
12
(a, b) _ a1by + agbs + asbs
lallllbll  \/a? + a3 + a3/b7 + b3 + b3

Christopher Ting Practical English | May 7, 2024 Ver 1.1 14/53
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Example of a Plane

1

Let the location vector on a point P be |z2 |, and ax; + bxe + cxs = d, where a, b, c and d
x3

are constants, with (a, b, c) # (0,0,0). Show that the set of all points is a plane.

1T Without loss of generality, suppose ¢ # 0. Then, for any z; and x5, we can express z3
in terms of x; and z2. Moreover,

" I 0 1 0
1
0 0 1
T2| = 2 = + 1 + 22 =:po + 21b1 + x2by.
23 d—ax; — bry d —a —b
C C C C

IT For illustration, letc =1, d =4,a=3,b=2 = z3 =4 — 321 — 22».
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Plot of 23 = 4 — 321 — 229
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Two Types of Boundary — &8 D15 5}

Definition 3.1 (Decision Boundary ;R E1E5R).
The LEEERIER is the set of points x that satisfy

0-x+60y)=0.

Definition 3.2 (Margin Boundary ¥ — 3 > (B#&ER)1E 7).
The RuElgellgNelel¥lsleE1g"2 is the set of points x that satisfy

0-xz+6)=+1.
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~ O

Decision Boundary and Margin JREER v —T v
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Shortest Distance

+ Recall the definition of inner product, also called :
0-p:=(6,p) = [6][pl cos()
+ Ifthere is no , i.e., 0y =0, the of p on @ is by definition given by

0-p
pl| cos(a) = ——.
ol cos(er) =t

+ With the offset 0o added, the shortest distance d from a point P to the line L defined
by 6 -x + 0y is
0-p+ 6
d=——7—. (1)
6]
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Projection of Feature Vector p on 6

Basis and Dimension
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: 0-p
“\PROJECTION = ~—*

161l
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Linear Space

Definition 4.1 (Linear Space).

If a nonempty set V' satisfies the following two conditions, then V' is called the
(I) For any elements w and v of V', and any scalar a € R, vector addition u + v and
scalar multiplication au are defined, and the resulting outcomes of these operations
also belong to V.

(II) The 8 laws concerning addition and scalar multiplication are valid.
Butv=v+u A (¢+bu=au+bu
lu=u B ,
(@12 0) 409 = e (4 5) u + 0 = u, where 0 € V is the zero vector.
A a(bu) = (ab)u B v +u =0, where the

B «(u+v)=au+av uU=—u. )

Christopher Ting Practical English | May 7, 2024 Ver 1.1 21/53
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Examples of Linear Space

]R2 = {a = |:CL1:| ai, a € %}
a2

In the same way, R"—a set of all n-dimensional vectors—is a linear space.

The set of all m x n real-valued matrices M,, ., (9%) is a linear space under matrix
addition and scalar multiplication.

¥ % %

Consider the set of all polynomial functions whose coefficients are real numbers:
Rlz], = {ao +ax+az?+---+ anm”’ao,al, co,ap € 9{}
under addition and scalar multiplication, R[z],, is a linear space.

Consider the set V' consisting the sine and cosine functions.

'

V= {ao + ay cos(z) + ag sin(z) + az cos(2x) + as sin(2x)’ao, a,...,a4 € 9%}

under the usual addition and scalar multiplication, V is a linear space.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 22/53
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Another Example
> Let C(I) be the space of all real-valued continuous functions on an interval I = [a, b].

> For any elements f(z) and g(z) in C(I), define function addition and scalar
multiplication as

where ¢ € fA.
>> Given this definition, C(I) becomes a linear space.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 23/53
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Subspace

When a nonempty subset W of the linear space V satisfies the conditions (l) and (ll) of
Definition 4.1, it is called the of V.

v

Theorem 4.3 (Closure under Addition and Scalar Multiplication).

The statement “W is a subspace of the linear space V' ” is equivalent to the following set
of 3 statements:

(1yoew
(2) lfu,v e W, thenu+veW.
(3) Ifa € R is ascalar andu € W, then au also belongs to W'.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 24/53
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Proof of Theorem 4.3

M 1fWis a subspace of V', by definition, it satisfies conditions () and (Il) of Definition
4.1, which include the set of 3 statements.

> Next, we start with the set of 3 statements to show that W is a subspace of V.

%> The statement (1) that 0 € W satisfies condition (IlI) @ of Definition 4.1.

> The statement (2) that u + v € W satisfies condition (I) of Definition 4.1. So is
statement (3) that au € W.

P> With o = —1, we have —u as the inverse of u in W, which satisfies condition () @).

%> The remaining conditions Il @ to ® in Definition 4.1 are also satisfied by statements
(2) and (3).

> Hence, the subset W is a subspace of V. O]

Christopher Ting Practical English | May 7, 2024 Ver 1.1 25/53
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Example of Subspace: A Plane in R?

> Consider the set of all location vectors on the plane x1 — x5 + 3 = 0:
W = {ZB 6%3|x1 — 29+ 73 :0}.

b> First, note that the origin (z; = zo = x3 = 0) satisfies the equation that describes the
plane. So the point 0 = (0,0,0) € W.

P> For two vectors u’ = [ur w2 ug]andv’' = [v vy w3]in W, their sumis
[u1 +v1 up+wvs w3+ vg)]. This sum satisfies the equation of the plane:

(ur +v1) — (ug +v2) + (uz + v3) = (ug —ug +u3) + (v1 —v2 +v3) =0+ 0= 0.

Hence, u +v € W.

%> |t is easy to see that the scalar multiple of w = cu also satisfies the plane equation,
implying that w € .

> |t follows from Theorem 4.3 that W is a subspace. O

Christopher Ting Practical English | May 7, 2024 Ver 1.1 26/53
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Other Examples of Subspace
> If Wy and W are subspaces of V, then their sum
Wi+ Wy = {w1 —i—'wg\wl € Wyandw- € WQ}

is a also a subspace of V.

B> Likewise, the intersection of W7 and W, i.e.,
WinWsy = {w‘w cWyand w € W2},

is also a subspace of V.

Christopher Tin Practical English |
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An Example of not a Subspace

'

However, the union of W7 and W is not necessarily a subspace of V, except only
when W, C Wy or Wy C Wh.

> To show that this statement is true, suppose V = %2, and the subspaces are

le{m xem}, W?Z{B] ygm}’

> The union iszLJWQ:{m x:00ry:0}.
> But with wy = H and wy = m both being in the union W; U Wy, their sum

1
wy +wo = |:1:| ¢ W1 U Ws.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 28/53
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System of First-Order Equations

Theorem 4.4 (Set of All Solutions).

Let A be am x n matrix. The set of all solutions of the system of first-order equations
Az =0, ie,
Ax = 0},

W::{:cei)fi”

is a subspace of R™.

By Theorem 4.3, We just need to show that the 3 conditions of subspace are satisfied.

(1) Since A0 = 0, the element 0 € V.

(2) Suppose z,y € W. Thensince A(x +y) = Az + Ay =0+0=0,z +y e W.

(8) For any scalar ¢, A(cx) = cAx = 0 = 0. It follows that cx € W. O

Christopher Tin Practical English | May 7, 2024 Ver 1.1  29/53
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Examples
Example 4.5.
1 —x2+23=0 3
IsW ={xeR a subspace of :3?
r1+2z2+23=0 P

Answer: Let [1 -t . We can write the system of first-order equations as Ax = 0.

1 1 1
From Theorem 4.4, W is a subspace.

Example 4.6.

T, —To+x3=1

Is W = e R3
v 1 +22+23=5

} a subspace of :%3?

—
—
—
A,

Answer: Now, W = {a: e R

Az = [5] } Since A0 = [8} # [5] , condition (1) in

Theorem 4.3 of a subspace is not satisfied. Hence, W is not a subspace of R>.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 30/53
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Linear Combination

Definition 4.7 (Linear Combination).
Let the vectors of the linear space be uy,us, . .., u,. Suppose ¢, cs, ..., ¢, are scalars.
The linear combination of these n vectors is defined as

clu] + coug + - - - + Crly.

Definition 4.8 (Set of All Linear Combinations).

The set of all linear combinations of the vectors u,uo, . . . ,u,, belonging to the linear
space V is expressed as

< ULL,UQ, ..., Uy >i= {clul +---—|—cnun‘ci ERu, €V (i= 1,2,...,n)}.

The set < uy,us,...,u, > is called themof U, U, ..., Up.

Theorem 4.9.
W =< uq,us,...,u, > iS a subspace of V.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 31/53
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Theorem 4.10

Theorem 4.10 (Link to the System of Linear Equations).

LetW =< aq,as,...,a, > be the subspace generated by the n vectors a1, as, ..., a, of
R". Also, let the m x n matrixbe A= [a; ay --- ay]. For the m-dimensional vector b
to belong to W, the necessary and sufficient condition is that Ax = b has solutions.

v

> For b to belong to W, it is equivalent to the existence of a vector
c=[c1 e -+ ¢ thatsatisfies the linear combination cia; + - - + cpan, = b,
which is the system of linear equations.

> In the vector-matrix form, we have Ac = b.

> Thus, we see that the necessary and sufficient condition for b € W is that the
solutions x = c exist.

0l
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Linear Relation
() The linear relation of n vectors uj, us, . .., u, in V is defined by
clul + cous + - - - + cpu, =0, where c1,C2,...,Cn € SR,
This is called the Ll geI{ CIHCIETTIY or LILEEIREIET]].
() The trivial linear relation is defined as the case where ¢; = ¢3 = --- = ¢, = 0. If this is

the only solution for the linear relation, then these n vectors are said to be

linearly independent |

() When the n vectors are not independent, they are said to be [T L AL ol .

Christopher Ting Practical English | May 7, 2024 Ver 1.1 33/53
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Examples of Linear Relation

() The basis vectors ey, e, . .., e, of the linear space R" are linearly independent. In
fact,
1
clet+cex+---+cpep=|: | =0 <= cg=cp=-=c,=0.

Cn

()" Consider the linear space R[z] of n-order polynomials. The n + 1 vectors of R[z] ,

are linearly independent.
Proof: Now we need to examine, for any x € R, the full-blown polynomial:

Col+61$+02$2+“'+6n$n:0. (2)

Christopher Ting Practical English | May 7, 2024 Ver 1.1  34/53
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Examples of Linear Relation (oo %)

() Let z = 0 and (2) suggests that ¢y = 0.

() Differentiate both sides of (2), we obtain ¢; + 2cox + - - - + ne,z" "t = 0. Upon letting
x = 0, we obtain ¢; = 0.

()" In the same fashion, differentiate (2) twice, and after setting = = 0, we obtain ¢y = 0.
(i Proceeding in the same way, we can conclude thatcy =c; =co =--- =¢, =0.
() Hence, 1,z,22,..., 2" are linearly independent.

Christopher Ting Practical English | May 7, 2024 Ver 1.1  35/53
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Linear Independence and Rank

Theorem 5.1 (Rank = Linear Independence).

Suppose A = [a1 ay --- a,|, where each vector a; in R™ has m rows. Then, A is an
m X nmatrix and the n m-dimensional vectors a; are linearly independent if and only if

rank A = n.

In particular, when m = n, it is equivalent to the condition that A is a reqular matrix.

Theorem 5.2 (Linear Combination = Linear Dependence).

For the n vectors in the linear space V to be linearly dependent, among u1,us, . .., u,, at

least one of them can be written as a linear combination of the other (n — 1) vectors, and
vice versa.
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Linear Combination Theorem and Notation

Suppose n vectors uy,us, . .., u, are linearly independent. A vector v is added to these n
vectors. If the (n + 1) vectors v, u1,us, ..., u, are linearly dependent, then v can be
written as a linear combination of the n vectors wi,us, ..., u,.

() The notation for a general linear combination is

C1
C2 "
cul + coug + -+ cpuy =: (ug,ug, ..., Up)C, c=| . | enR™
Cn
() For m linear combinations of v;, as an extension, the notation is
v; = (u1,u2,...,u,)c, i =1,2,...,m,and
(V1,V2,...,0p) = (ul,ug,...,un)[cl cy - cm] = (uy,uz,...,u,)C.
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Example

Example 5.4.

Consider two vectors g;(z) and g2 (x) of R[z],, which are written as linear combinations of
f1(x) and fo(x) as follows:

91(z) = 3f1(x) + fo(z),  ga(2) = 2fi(x) = fa(2).

Then,

20 = (@) @) [} 2 = (e @) | 3],

Moreover,

(91(2), 92(2)) = (1(2), fal@)) E’ _21] |

Christopher Ting Practical English | May 7, 2024 Ver 1.1  38/53
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When Vectors Are Linearly Independent

When the vectors w1, . .., u,, of a linear space are linearly independent, then (1) and (2)
below hold.

(1) With respect to x € R™,
(ug,...,up)z =0 <= x=0.

(2) With respect to m x n matrices A and B,

(ul,...,um)Az (ul,...,um)B <— A=B.

Christopher Ting Practical English | May 7, 2024 Ver 1.1 39/53
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Number of Linearly Independent Vectors

Definition 5.6.

The largest number r of linearly independent vectors in a linear space is such that » + 1
vectors become linearly dependent.

Given two groups of vectors {u1,us,...,u,} and {vi,vs,...,v,} of alinear spaceV, if
the following two conditions are satisfied, then vy, vs, . .., v, are linearly dependent.

(1) Every vector in the group {v1,vs,...,v,} can be written as a linear combination of
UL,y ..., Up.

(2) n>m. )

Theorem 5.8.

The rank of a matrix A equals the largest number m of linearly independent vectors that
make up the m columns of A.

v
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Example
Example 5.9.
1 3 1
Consider three vectors: a1 = |—1|, as = |—2|, a3= |0|.Findthe largest number
2 ) 1

of vectors that are linearly independent.

M) Let A = [al as ag].
() Theorem 5.8 indicates that we just need to find the rank of A.
() we perform simplification of A by applying the basic matrix operations:

1 3 1 1 0 -2
A=|-1 -2 0| —B=|(0 1 1
2 5 1 00 0

() Hence the largest number of independent vectors is 2.
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Definition 6.1.

When the n vectors u; (i = 1,2,...,n) of alinear space V satisfy the following two
conditions, they are said to be the m of V:

u1,u9, . .., U, are linearly independent.

U, U2, ..., Uy CEIEEIEY V.

? The set of basic vectors {ey, ..., e,} of R" is the basis of )i, and it is called the

standard basis §

T What is a basis for :%2x2?

Answer: There are many possible answers. A possible basis is

o oo ol o] o 3]}
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An Example of Basis

a
? In 933, every vector has form [b} , where a, b, c are real numbers.
C

7 Note that %3 is spanned by the set

EOH ~H-0-8-0
9 Gleary o H " { b H ; H fandonlyfa—b—c 0

? Hence, the set consists of linearly independent vectors that spans $i? and is
therefore a basis for 933.
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An Example
Example 6.2.
1 —2 0
Show thatthe setofa; = | 0 |,a2 = | 3 |,and a3 = |—1| forms the basis of }i3.
—2 1 2

T Define the matrix A — a1 az as).

1 -2 0
? Since the determinant |JAj=|0 3 —1| =3+ 0, we conclude that A is regular.
-2 1 2

? Theorem 5.1 indicates that a1, as, a3 are linearly independent.
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An Example --x%)

? Consider an arbitrary vector € %3, and express it as a linear combination with
coefficients ¢1, co and c3 as follows:

X C1
x = |x9| = cra1 + coag + csaz = A co| = Ac.
T3 C3

? Since A~! exists, we can solve for ¢
c=A"lz.

? Having found ¢, x indeed can be written as a linear combination of a1, a5, and as, the
set {a1,az, a3} indeed is a basis of R3.
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Basis Transformation Matrix

Definition 6.3.

For two sets of basis, {u1,...,u,} and {vy,...,v,} of an n-dimensional linear space V,
the regular matrix P such that

['vl vy - vn]:[ul Uy - un]P

is called the L EEERELE ) iuEUl L RnEUHDd.
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Example of Basis Transformation Matrix

Example 6.4.

Consider two sets of basis of $32:

Rl ) C B R 11

Find the basis transformation matrix.

? Let P = [ZH ZIQ]. We need to find the unknown entries p11, p12, p21, and pas.
21 22

? Now [’Ul 112] = [ul ’LLQ] P.
? In short, V. =UP,where U = [u; wup],and V = [v1 wv3]. Multiplying from the left

U, we obtain
oo [3 =2][-1 1] _[-9 5
P=U V‘[—4 3“3 —1]_[13 —7]'
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Dimension

If the basis formed by a finite number of vectors in the linear space V exists, then V' is
said to be a JGEEE LR RN R ERE TGN, The number of vectors that form the
basis is said to be the m of V, and it is expressed as dim V', with the
convention that if V' = {0}, then dim V' = 0.

? dim R"™ = n, since the number of basis vectors e; is n.

? For R[z],, the vectors 1,z, 22, ..., 2" are linearly independent. Thus
dimR[z], =n + 1.
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Simple Theorems

Theorem 6.6.

The dimension of a finite linear space V is equal to the largest number of linearly
independent vectors in V.

Theorem 6.7.

When W is a subspace of V, ifdimW = dimV, then W = V.
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Other Theorems

? Let A be am x n matrix. The space of solutions of the first-order system of equations

Ax =0 is expressed as
W = {x € R"|Az =0}.

Then dim W = n — rank A.

? The following 3 conditions are equivalent for n-dimensional linear space V':

uy,us, . ..,u, of V are linearly independent.
uy,us, ..., u, generate V.
u1,us, ..., U, are the basis of V.

? Let the basis of an n-dimensional linear space be {vy,...,v,}. Suppose wi, ..., wy
with ¢ < n are independent By selecting (n — ¢) vectors v;,, ..., v; _,
(1 <1, ,in—¢ < n), the set of vectors wy, .. .wy,v;,, ..., v;, , forms the basis of V.
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Takeaways

L2 Space is a mathematical construct to contain objects called elements.

L2 Inner product is important for geometrical vectors but not for the linear space of
(abstract) vectors.

L2 The concept of subspace of a linear space marks a distinction between Az = 0
vis-a-vis Ax = b.

L2 Span is the set of all linear combinations of n vectors.

L2 A vector b's membership of a subspace is linked to whether the solutions for Az = b
exist (The columns of A are the vectors that span the subspace.).
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L2 For n vectors to be linearly independent, the matrix formed by them must have the
rank equal to n, which corresponds to the largest number of linearly independent
vectors for a liner space.

L2 The dimension of a linear space is equal to the largest number of linearly
independent vectors.

L2 Basis<— Span<—sLinear Independence
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