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Learning Outcomes

T Provide the reasons for why we need to study determinant.

I Elaborate important vocabulary and concepts such as determinant, cyclic,
interchange, identity, inverse, even & odd permutations, sign of permutation,
co-factor, minor, adjoint matrix, and Cramer’s formula.

I Connect key concepts and results to the takeaways of the previous lessons,
especially with regards to the system of linear equations, Gauss-Jordan elimination
method, basic row operations, basic matrices and so on.

T Determine whether a square matrix is regular or not.

T Solve the problems that involve the system of linear equations, which requires the
computation of determinant.
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What is a determinant?

Definition 1.1 (Two-Dimensional Matrix’s Determinant).
, we define its as

det A = aj1a20 — a12a91,

With respect to A = [a” a1
a21 G22

which is a scalar, and we write
a1l a2
az1 a2

det A =:

Co-Factor Expansion Takeaways

0000

Note that the inverse matrix is

Al — 1 azy  —ai
detA |—a21 ai1 |’

Christopher Ting Practical English |
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Geometrical Interpretation

c+d

UL
~a|

(a,c) )b a
d c
(b.d)

S < f > (0,0)
S
A
_ E A'\“ _ ’
T | @+bcta)| - s 7
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lllustration of 3-Dimensional Determinant
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Simple Solution

T Two-variable system of linear equations

a11x + a2y = by

a21% + azy = by

where x = {m] and b = [bl].
Yy ba

T The solution is = A~'b, which can be written in terms of only the determinants.

b1 a2 a1 b

by az az1 b
T=r——0,  y=

ail a2 ail a2

a1 a2 a1 G2
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Humor

On this quiz, | asked you to find the determinant of a 2x3 matrix.
Some of you, to my great amusement, actually tried to do this.
— Math Professor Quote
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Definition of Permutation
Definition 2.1 (Permutation).

Let $ :={1,2,...,n} be a set of n natural numbers. A is defined as a 1-to-1
mapping o from S to S such that

o(1) =k, 0(2) =ka, ..., o(n) = ky,

where {k:l, ko, ..., k;n} is a re-arranged version of set S. Permutation at times is
expressed as
1 2 -+ n
o= <k1 ky - kn>' (1)

Definition 2.2 (Product of Two Permutations).

Let o and 7 be two permutations on S. The product o7 (i) is defined as o (7(i)) for
i=1,2,...,n.

Christopher Ting Practical English | April 23,2024 Ver 1.2  9/46



Permutation
0@00000

Examples

0(2) =2,0(3) =4,and o(4) = 1, we write

1 2 3 4
7=\3 2 4 1

(1) When o(1) =3,

(2) Consider o = @ 3 i’) and 7 (;’ )

m o7 and 7o are given by

o(r(1)) =o@) =1 7(c(1)) =7(2) =2,
o(7(2)) =0(2) =3  7(c(2)) =7(3) =1,
o(1(3)) =0(1) =2 T(0(3))=7(1) =3

1 2 3 1 2 3
IThUS,O’T—(l 3 2>andm_<2 1 3>.

m Takeaway: o7 # 70, i.e. non-commutative.

Christopher Ting Practical English |
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Identity, Inverse, and Cyclic Permutations

Definition 2.3 (Identity and Inverse Permutation).

The P ERGB CttEne is defined as G ; Z) MY inverse permutation B

definedas o=l .= [ K2 =t Ea}

Definition 2.4 (Cyclic Permutation).

From a set of n numbers {1,2,...,n}, take r < n different numbers denoted by

k1, ka, ..., k. The [aeileRelgnbiiilelsk is defined as
(k1 ko e k1 Ry
T \ky ks - ke ki)

That is, the sequence of r different numbers is shifted by one position to the right.

v
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Examples

4 2 1 3

1 (42 13y (12 34
> =\ 234)7\3 214 1)
(2) Suppose o(2) = 5,0(5) = 3,0(3) = 2, and the other numbers do not permute. Then

we can write the cyclic permutation simply as (5 2 3). It can also be written as
(2 3 5),oras (3 5 2).

12345678
(S)Leta_<13572468>'

m Numbers 1 and 8 do not permute.

m Since o(2) = 3,0(3) = 5,0(5) = 2, we have a cyclic permutation (2 3 5).

m Since o(4) = 7,0(7) = 6,0(6) = 4, we have another cyclic permutation (4 7 6).
m Henceo =(2 3 5)(4 7 6).

(1) The inverse permutation of o = <1 4 s 4> is

Christopher Tin Practical English | April 23,2024 Ver 1.2 12/46
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Interchanges and Sign

An is defined as the cyclic permutation for 2 elements in the set S. while
keeping other elements unchanged. We denote the interchange of i and j as (i j).

Theorem 2.6 (Product of Cyclic Permutations or Interchanges).

1. Any permutation can be expressed as the product of cyclic permutations.
2. Any permutation can be expressed as the product of interchanges.

When the permutation o is expressed as a product of m interchanges, the [Elle[all of the
permutation is defined as sgn(o) == (—1)™.

E The sign of the identity permutation is 1 (i.e., m = 0).

Christopher Tin Practical English | April 23,2024 Ver 1.2  13/46
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Even and Odd Permutations

Definition 2.8 (Even and Odd Permutations).
When sgn(c) = 1, the permutation is said to be [BY&1l. On the other hand, if sgn(c) = —1,
the permutation is said to be [l

When the permutation o is expressed as o := 1 - - - 11, its sign does not depend on
whether k is even or odd. The sign of o is uniquely determined.

Definition 2.10 (Set of All Permutations).

The EERaRENT L oI CREInENileliER involving n numbers is denoted by S,,.

April 23,2024 Ver 1.2 14/46
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Cyclic Permutation as a Product of Interchanges

B Note that for any interchange, (i j) = (j 1)

. (1 2 3 4
F'Example.a—<2341>

* As a product of 3 interchanges: o = (1 2)(1 3)(1 4)

2w
< A

(
1
!
2

W =+ N
i NGO
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Definition of Determinant

Given a n-dimensional square matrix A = [a;;], its is defined as

det A = Z sgn(a)al,,(l)a%@) " Qg (n)-

g€Sy,

~ Other notations of determinant:

ay ay
a b oc a1 a a; a;
11 012
|Al, |d e f|, det , det , ,
h az1 a2
g t !/ !/
a’n a’n
‘al az - an‘,

where a;,i = 1,2,...,n, is a n-dimensional vector.

Christopher Tin Practical English | April 23, 2024 Ver 1.2  16/46
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lllustration of Determinant
air a2 ais
a1 Q22 Q23| = (a1la22a33 +az1a32a13 + a3la12a23) - (a13a22a31 + azsazzain + a33a12a21)
asr agzz2 as3

air a2 a3

a23

all a13

a1 a2 a3

S
N}
,_\
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Another lllustration

S
al 1 C1 ai 1
A3><3 =

ay by c2 as by
a3 b3 @ e b3

Co-Factor Expansion Takeaways
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det A = (a1bacs + bicaas + cragbs) — (asbacy + bycaar + czagby)
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Theorem 3.2

The following equations are true.
air a2 - Qip 4yy -
n
0 ax - ay
= al
i ’ ’ an2 - GOnpn
0 an2 -+ apn
aiy . QAlp—1 0
aii o a1n—1
0
= Qnn
ap—-11 *°° OGp—-1n—1 Ap—11 ' Gpn—1n—1
anl cee ann—1 Ann
4

Christopher Tin Practical English | April 23,2024 Ver 1.2  19/46
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Theorems 3.3 and 3.4

For a square matrix A,
det A’ = det A.

o

Theorem 3.4 (Scalar Multiple and Addition).

Leta; and b;,i = 1,2,...n be 1-dimensional vectors and c a scalar. Then

! ! ! ! !

a; a; a; a; a;

2 / / A / ’

ca;| =cla;| and |a;+b;| = |a;|+|b;

/ / / / /
v
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Theorem 3.5

Theorem 3.5 (Interchangeability).

a a;- al
W |:=-|:|. @ |:|=0
a’ al a’

-~ Swapping one row with the other results in only a sign change.

Christopher Tin Practical English | April 23,2024 Ver 1.2  21/46
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Theorem 3.6

Theorem 3.6 (Invariance under a Basic Row Operation).

Christopher Tin Practical English | April 23,2024 Ver 1.2 22/46
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Example: Application of Theorems

-4 1 1 -4 1 1
1 2 0|=]1 20 (Rs < Rs + R2 [Th 3.6))
-1 1 1 0 3 1
09 1
=112 0 (R1 < Ri+ 4R, [Th 3.6))
0 3 1
00 —2
=112 0 (R1 <+ R1 — 3R3 [Th 3.6))
0 3 1
1 2 0
= —|l000 =2 (R1 > R2 [Th 3.5))
0 3 1
1 2 0
_—(— 0 3 1 ) (R2 +» R3 [Th 3.5])
00 -2
1 2 0
=10 3 1 |=1x3x(-2)=-6. ([Th3.2])
00 -2

Christopher Ting Practical English | April 23,2024 Ver 1.2  23/46
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Theorem 3.7

Theorem 3.7 (Determinants of Basic Operation Matrices).

For the basic operation matrices, scalars ¢ and d,

|Pij| = =|In| = -1, |PijAl = |Py| |A],
Qi(0)] = c|In| = ¢, Qi(0)A] = |Qi(c)] |A],
|Ri;(d)| = |In| =1, |Ri;(d)A| = |Ri;(d)] |A|.

Christopher Tin Practical English | April 23,2024 Ver 1.2 24/46
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Theorem 3.9

Theorem 3.8 (Regularity and Non-Zero Determinant).

An n-dimensional square matrix A is reqular if and only if det A # 0.

For the n-dimensional matrices A and B,

[AB| = |A][B|.

Christopher Tin Practical English | April 23,2024 Ver 1.2  25/46
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Application
- Suppose for some square matrix P such that A = PDP~!, where D is a diagonal
matrix with strictly positive diagonal elements A\, Aa, -+, Ay > 0.

“~ Applying Theorem 3.9, we find that

4] = [PDP!| = |P|[D| [P~!| = [D| [PP~'| = ] [\
i=1

= It follows that
In|A| = Zln = trln(D) = trln (P'AP)

=tr (lnA +InP 1+ lnP) =tr (lnA +In (P_IP))
=trln A.

-~ Therefore |Indet = trln].

Christopher Ting Practical English | April 23,2024 Ver 1.2  26/46
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Partitioned with a Null Sub-Matrix
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Theorem 4.1 (With Null and Identity Sub-Matrices).
Let A be an n-dimensional matrix.

(1) IfA = [é ‘:Z] then det A — det Ags.

) fA = |41 O thendet A = det Ayy.
Ay T

If an n-dimensional square matrix can be partitioned as [A“ Au]

A11 0
0 A22.

, or , then
A A22-]

det A = (det Aq1)(det Ag).

o
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The Schur Complement

Definition 4.3 (Schur’'s Complement).
Let M be a JeElgiilelalzleMnFNighq of the form

o[t 8]

C D

where A and D are square matrices.
L If A is invertible, EllIgRelylolEE0IR of A in M is defined as
M4:=D-CA 'B.

s 1f D is [[YERIeE, Shur's complement of D in M is defined as

Mp:=A—BDIC.

v
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Schur’s Decomposition of a Partitioned Matrix

Theorem 4.4 ( Schur’s Decomposition ).

Let M be a partitioned matrix of the form
M=[4 3.
where A and D are square matrices.
I If A is invertible, then o )
M=loas [0 arallo 7] @
I If D is invertible, then -
s 2 5[0t 8

Christopher Tin Practical English | April 23,2024 Ver 1.2  29/46
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Proof of Schur’'s Decomposition

I The product of the three matrices on the right-hand side of (2) can be rewritten as

o[ I O[A o][I A'Bl_[ I 0][A 0 I A'B
“|lcAt 1) |0 Mall0 I |T|CA' IJ]|0 D-CA'B||0 I
[ 1 o AI + 00 AA"'B +0I
~|ca! I||0I+(D-CA'B)0 0A'B+(D-CA'B)I
[ 1 o0][4 B _[IA+00 IB+0(D—CA 'B)
~|ca! I||0 D-CA'B|” |[CA'A CA'B+I(D-CA'B)
_[A B
~|c D)

I The proof of (3) proceeds by the same matrix multiplication.

Christopher Tin Practical English | April 23, 2024 Ver 1.2 30/46
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Determinant of Partitioned Matrix

Theorem 4.5 (Determinant of Partitioned Matrix).
Let M be a NeElgiiilelsglzleNuEligrd of the form

|

A B
C D|’

where A and D are square matrices.
| If A is invertible, then

det(M) = det(A) det (D — CA™'B) (4)
| /f D is invertible, then

det(M) = det(D) det (A — BD_IC) (5)

o
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Proof of the Determinant of Partitioned Matrix

I We apply the Schur decomposition to M. It is clear that

I A'B

I 0
0 I

CA-! I‘ =1 and ‘

‘ —1
I For the middle matrix in the Schur decomposition,

‘A 0

0 D_ CA_IB‘ = det(A)det (D — CA™'B).

I The proof of (5) proceeds by the same matrix multiplication.

Christopher Ting Practical English | April 23,2024 Ver 1.2  32/46
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Weinstein-Aronszajn Identity

Theorem 4.6 (Weinstein-Aronszajn Identity).
Let A be a p by ¢ matrix and B a q by p matrix. Then

det (I, + AB) = det (I, + BA),
I Let M be a matrix comprising the four partitions I,,, B, and I,,.

o IP —A

w3 0

I Since I, is invertible, the formula for the determinant of a partitioned matrix gives
det(M) = det(I,) det (I, — BI, ' (—A)) = det (I, + BA).

I Since 1, is invertible, the formula for the determinant of a partitioned matrix gives
det(M) = det(I,) det (I, — (—A)I;'B) = det (I, + AB). -

v
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Applications of Weinstein-Aronszajn Identity

I The identity is useful to relate determinants of large matrices to determinants of
smaller ones

I Suppose ) is a non-zero number. It can be shown that

det (AB — AI)) = (—A\)P~9det (BA — AIL,).

I This identity is useful in developing a Bayes estimator for multivariate Gaussian
distributions.

Christopher Ting Practical English | April 23,2024 Ver 1.2  34/46
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Minor of a Matrix

) The of A, each of size (n — 1) x (n — 1), is a resulting matrix ;{ij, after
column j and row i have been deleted.

column
J
[ a11 T G151 a1 j+1 Tt Glp ]
ai—11 " Gi—1j5-1 Ai—1j41 " Qi—1n
Aij = < Row i
Qi+11 " Qi1 -1 Ai+1j+1 " Qitln
- Gp 1 Ap j—1 Qp j+1 Qpn -

Christopher Ting Practical English | April 23, 2024 Ver 1.2  35/46
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Co-Factor and Expansion

Given an n-dimensional square matrix A = [a;;], its (ij) a;; is a scalar defined
by the following formula: -
Eij = (—1)1—” detAij.

Theorem 5.2 (Expansion with Co-Factors).

For an n-dimensional matrix A, its determinant can be written as an expansion of its
co-factors with respect to the i-th row

detA:ail'di1+---+am'din, wherei =1,2,...,n,

or with respect to the j-th column

detA=a1j61j+’~-+a1janj, where j =1,2,...,n. (6)

v
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Example 5.3
Example 5.3 (Expansion).

1 0 2
Compute the determinantof |3 4 5 | by expanding along the second column.
2 -1 —4
Answer:
1 0 2
3 4 5| = 0RO Ol 2
2 —4 2 —4
2 -1 —4
1 2
C1\3+2(_
+H-DH-D 5 ]
= P (1) = S8,

Christopher Ting Practical English | April 23,2024 Ver 1.2  37/46
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Co-Factor Matrix
Definition 5.4 (Co-Factor or Adjoint Matrix).
Given an n-dimensional square matrix A = [a;;], we define A := [a;;] and call its

transpose A as the or the El]le]lgiNgF=Vighy.

Theorem 5.5 (Product with Co-Factor Matrix).

|

For an n-dimensional square matrix A and its co-factor }i/, the following equations hold

AA = A'A = (det A) I

Theorem 5.6 (Inverse of a Matrix).

If an n-dimensional square matrix A is regular, then its inverse is given by

1 ~/
Al = )
detA 4

Christopher Tin Practical English | April 23, 2024 Ver 1.2  38/46
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Example 5.7

Example 5.7 (Adjoint Matrix and Inverse).

1 2 3
Find the adjoint matrixof A= |1 -3 1| and A~L.
1 1 2

() The co-factors are

-3 1 1 1

_ _ 1 -3
a1l = (—1)1+1 1 2‘ = —7, a1y = (—1)1+2 1 2‘ = 1, a13 = (—1)1+3 1 1 ‘ = 47
_ 2 3 _ 1 3 1 2
G = (-1 2‘ = -1, an = (-1)*7|] 2‘ =L s = (1" 1‘ .
_ 2 3 _ 1 3 _ 12
a3 = (—1)3H Z 1‘ =11, @z = (—1)312 " 1‘ =2, G33 = (—-1)*>T " _3' = —5.

Christopher Tin Practical English | April 23, 2024 Ver 1.2  39/46
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Example 5.7 (oo %)

() consequently, the adjoint matrix AT = A’ is

/

-7 -1 4 -7 -1 11
Af=|-1 -1 1| =|-1 -1 2
11 2 -5 4 1 =5

() The determinant of A is
det(A)=1-(-3)-2+1-1-3+2-1-1—-(3-(=3)-1+1-1-142-1-2)
=—-1-—(—4)=3.

(I Therefore, from Theorem 5.6,

Al = A
det A 3 4 1 s
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Cramer’s Formula

Theorem 5.8 (Cramer’s Formula).

To solve the simultaneous first-order system of equations Ax = b for which the coefficient
matrix A is regular, we have

det Bj
_ 7
T det A )
where the matrix B; is given by
B; = [al oaj-1 b oajr - an}.

That is, column j of A is replaced by b.
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Co-Factor Expansion
000000e

Proof of Cramer’s Formula

() Since A is regular, A~! exists. Multiply A~ from the left to both sides of Az = b to
obtain the solution: z = A~ !b.

~/

1
Ab.
det A
() The j-th element of the solution z is calculated as

() Applying Theorem 5.6, we obtain = =

by

1 o = _ b 1 _ N N
T detA [alj azj - anj] = 7detA(bla1j + baag; Jr-"ernanj).

T;
b
() with reference to (6), we obtain a co-factor expansion biai; + baasj + - - - + byan;, of
the determinant of B;. Hence, we arrive at (7) and the proof is complete. O
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Computing Determinants by Row Reduction

L2 Let A be a square matrix. After some number of row operations on A, the

Biis obtained. Then

- product of the diagonal entries of B

dei = (=1 product of scaling factors used

; (8)

where r is the number of row swaps that have been performed.
L2 The recipe (8) is an efficient way of computing the determinant of a large matrix. The

(ofo] gl o]Vj=Ni[o]a = INelolna] ol (X4IWA Of row reduction is O(n3), where n is the dimension of the
square matrix.
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Example

-7 -4

0 -7 —4 Ri+—Ro 2 A 6 R1<—%Rl 1 2 3 R3+—R3—3R;
2 4 6 |(——|0 7 4| —— (0 -7 4| ——
3

1

0

0 1 -10

7 -1 3 7 -1 3 7 -1

1
L2 We have made two row swaps and scaled once by a factor of 2

2 3 Ro+—R3 1 2 3 R3+—R3+7Ro 1 2 3
-7 4| — |0 1 =10 R 0 1 -10
0 0

L2 So, the recipe (8) allows us to compute the determinant:

0 —7 —4
det |2 4 6| =(-1)?
S |
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Takeaways
L2 Determinant is a function that maps the space of real-valued square matrices into the
set of real numbers.
L2 Doing a basic row operation on A does not change det(A).
L2 Scaling a row of A by a scalar ¢ multiplies the determinant by c.
L2 Swapping two rows of a matrix multiplies the determinant by —1.
L2 The determinant of the identity matrix I, is equal to 1.
L2 Determinant is invariant under transpose and a basic matrix row operation.

L2 Co-factor approach provides a way to prove Cramer’s formula, which is a system of
linear equations by the ratios of determinants.

L2 The recipe approach to computing the determinant is more efficient than the
co-factor approach.
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co-factor, 36 minors, 35
co-factor matrix, 38 odd, 14
computational complexity, 43 partitioned matrix, 28, 31
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even, 14 Shur’s complement, 28
identity permutation, 11 sign, 13
interchange, 13 Weinstein-Aronszajn Identity, 33
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