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Inspiring Motivation

Application problems
without tools are lame,

and tools

without application problems are
vain.
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Learning Outcomes

T Make a strong case for the justification of learning linear algebra.

T Recall the constructs of vector and different types of matrices, including square
matrix, symmetric & skew matrices, triangular matrix, commutative matrix, null
matrix, and identity matrix.

T Apply matrix operations (addition, multiplication, inverse, transpose, trace) to solve
problems.

T Prove the validity of a mathematical statement by the method of induction, as well as
proof by contradiction.

T Explain the motivation for partitioning the matrix into sub-matrices.
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Why Learn Linear Algebra?

I For the field of machine learning, it
is a foundation.

T Some algorithms need linear
algebra to express the idea.

I Programming languages (Matlab,
Python etc) are based on vector
and matrix structures, operations,
and expressions.
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Some Concrete Examples

Source: 10 Examples of Linear Algebra in Machine Learning

T Dataset and Data Files I Principal Component Analysis
T Images and Photographs I Singular-Value Decomposition
I One Hot Encoding I Latent Semantic Analysis

I Linear Regression T Recommender Systems

I Regularization T Deep Learning

Christopher Ting Practical English | April 9, 2024 Ver 1.2  6/51


https://machinelearningmastery.com/examples-of-linear-algebra-in-machine-learning/

Introduction Vector and Matrix Matrix Algebra Square Matrix Partition of Matrix Takeaways
00000 0000000000 00000000000000C 0000 00

""" ©00000000

Definitions of Vector and Row Vector

Definition 2.1 (p-Dimensional Column Vector).

Given p numbers, ai,as, ..., ap,, a [EuIREECg a is an array (ordered list) of p rows
where each row i is occupied by a;. That is,

ai
a2

ap

Definition 2.2 (¢-Dimensional Row Vector).

Given g numbers, a1, as, ..., aq, a [{IAEEEg a’ is an array (ordered list) of ¢ columns
where each column j is occupied by a;. That is,

a’::[al as - aq].
v
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Scalars and Vectors

X AEEMisa single number—just an ordinary number. It may be considered as a
vector of one row and one column.
e 91 Natural numbers

3: Integers

£: Rational numbers
R: Real numbers

¢: Complex numbers

X By default, a a is a list of p scalars arranged as a column.

ap
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Notations
X Vectors are usually denoted by small letters in bold font, such as
ab.c,....

X Suppose we have a collection of vectors. Leti =1,2,...,and j = 1,2,.... From the
definitions, row vector a; and vector a; are expressed as

a;:=laq a2 -+ g (¢g-dimensional row vector),
a1j
a2; . .

a; = | . (p-dimensional column vector).
Apj
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Partition of Matrix Takeaways
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X Consider a set of p row vectors a/, each having ¢ columns. A p x g Ais
defined as a column vector of p rows of a;.

!
a

ay

A=

X Consider a set of ¢ column vectors a;, each having p rows. A p x g Ais
defined as a row vector of ¢ columns of a;.

A:=la1 a3 -+ ag.
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Matrix 175

X Effectively, a A consists of p x ¢ numbers a;;, where i =1,2,...,p and
j=1,2,...q. These numbers are arranged as a rectangle. That is,

ai;r a2z - Al

a Gz v G
A= | .

aplr Gp2 - - dpq

X Shorthand notations: A, [a;;], or [a;;]

pxq’
X The of matrix A is p by q.
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Null Vector and Null Matrix

Definition 2.3 (Null Vector).
When all the numbers in a vector are zero, it is called the and denoted by 0. J

Definition 2.4 (Null Matrix).

When all the numbers in a matrix are zero, it is called the and denoted by 0,
Opxgs [0s5], ete.
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Matrix Operation: Transpose

Definition 2.5 (Transpose of a Matrix).

The RIERE oo LR R-RENi)d is the matrix obtained by rotating each row into a column
(clockwise) with the first element as pivot, i.e., for each row i:

ey
|ai1 a;p aiq]m :21

Let the symbol " or’ indicate the il =Re o=l¢:1ilol. Then

[ai5] " = [ai) = [a].

Partition of Matrix Takeaways
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lllustration of Transpose

1 2 3 4 5
6 7 8 9 10
11 12 13 14 15 AT =
16 17 18 19 20

A=

Christopher Tin Practical English | April 9, 2024 Ver 1.2 14/51
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Properties of Transpose

X The transpose of a p by ¢ matrix A is a ¢ by p matrix.

LetA=[a1 a2 --- ag].Then,given that each a; is a vector of p rows,
a’l ailp a1 - Qlp
!
a; aiz G2 - Qgp
AT = . = . [aji] 5
: gxp
a; agl Qg2 -+ Ggp
DJ

X The transpose of a transposed matrix A" is the matrix A itself, i.e.,
T
(47) =4

Christopher Tin Practical English | April 9, 2024 Ver 1.2 15/51
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defined as follows:

[a11 a1z aiq bir b2 - by
P an a.22 a2gq N 5?1 bay - b?q
Lapl  Ap2 Gpq bpr bp2 -+ bpg

[a11 £ b1 a12 £ bz a1q £ big

e ba1 a2 + b2 asg + bag

| ap1 :l: bpr  ap2 :t bp2 Qpq :l: bpq

Matrix Algebra
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Addition and Subtraction

Definition 3.1 (Matrix Addition and Subtraction).
Consider two matrices A and B that are both p by ¢q. The addition and subtraction are

Christopher Ting
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Multiplication by a Scalar

Given a scalar ¢, a matrix A is said to be scaled by ¢ times in that each number in A is
multiplied by ¢. That is,

cA = [caij]pxq.
E Note that
cA = Ac.
F‘ Proof:
cA = [caij]pxq = [aijc}pxq = Ac.
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Theorem 3.3

Theorem 3.3 (Basic Laws of Matrix Addition and Scalar Multiplication).

For any p x ¢ matrices A, B, and C, as well as scalars a and b, the following are true:
1. Commutativity A+ B=B + A
2. Associativity (A+B)+C =A+ (B+C)

Identity A+0=0+A=A

Inverse A+ (—-A)=(-A)+A=0

Commutativity of Scalar Multiplication a(bA) = (ab)A

Distributivity of Scalar Multiplication 1 (a + b)A = aA + bA

Distributivity of Scalar Multiplication 2 a(A + B) = aA + aB

0A=0

9. 1A=A

Christopher Ting Practical English | April 9, 2024 Ver 1.2 18/51
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Matrix Multiplication

Definition 3.4 (Matrix Multiplication).
Consider two matrices A = [a;;] . and B = [bji], . Note that A’s number of columns

pX
is equal to B’s number of rows. The product C = AB is then a p x ¢ matrix, where

n
Cik = @;1b1g + aiobog + - - - + Ginbpg = E aijbjr,
j=1

fori=1,2,...,pandk=1,2,...q.

b Essentially matrix multiplication is a series of “row times column”.
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Row Times Column

j-th column

Tl oo© gy o000 B bip -+ by - by
Qg Qi Qin by -+ bnj -+ big
apl **+ Aph -+ Gpn b1 - Bbng -+ bg

B Both the i-th row of matrix A and the j-th column of matrix B has the same number
of BN That number is n. Hence, ci; = > ainby;.

Christopher Ting

h=1
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Dimensions after Multiplication

‘B : m rows ¢ columns ‘

arl a12

Qap1 ap2

a1n

Apn,

A : prows n columns

Square Matrix
000000000000000000

b11

b21

C11

€21

Cpl

C12

@)

Cp2

biq

bag

Clq

Czq

Cpq

C = AB : prows g columns

Practical English |
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Vector Representation of Matrix Multiplication

/
a;

/

a
B Write matrix A as | | and B as by by -+ by|.

/
ap

B The (i,7) component of the product AB is

ab; = aaby; + - + Ginbn;.

B Moreover, AB=A[b; b, --- b,] =[Ab; Aby --- Ab],and
ay a|B
al a,B
AB=|’|B=|"
a,, a,B
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Non-Commutativity

B In general, AB # BA.

b Example: Consider the following matrices. Calculate AB and BA.

13
10 and B:[_Ol i ﬂ
-2 4

b Applying the rule of matrix multiplication,

-1 17 23
AB=|1 -5 -2 but BA:[jg 258]
2 6 24

Christopher Ting Practical English |

April 9, 2024 Ver 1.2 23/51



Introduction Vector and Matrix Matrix Algebra Square Matrix Partition of Matrix Takeaways
00000 000000000 0000000080 000000000000 000000 0000 [e]e)

Associativity, Distributivity, and Transpose

Theorem 3.5 (Associativity and Distributivity).

For any matrices A, B, and C such that addition and multiplication are feasible.
1. (AB)C = A(BC)
2. AB+C)=AB+ AC and (A+ B)C = AC + BC

v

Theorem 3.6 (Properties of Transpose).

For any matrices A, B and scalar ¢ such that addition and multiplication are possible, the
following equations hold:

1. (A+B)" =A" + BT
2. (cA)T =cAT
3. (AB)T =BTAT

Christopher Tin Practical English | April 9, 2024 Ver 1.2 24/51
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Proof of (AB)" = BT A"
IEI Let A = [aij}pm, B = [bij]nxqs andC := AB = [Cij]pxq'

n

F' By definition, ¢;; = airbrj. Hence, the (i, j) element of (AB) T is
J J

k=1
n

Cji = E ;.-
k=1

B On the other hand, let AT := [’dij]gxp and BT := ['Bij}qxn. By the definition of
transpose, we have a;; = a;; and b;; = bj;.
B LetD = BTAT. It follows that the (i, j) component of D is

z] = E bzkakj E bkza]k = Cjj-

B Hence cji = d;;, which implies that (AB) " = BTAT. O
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Definitions of Square Matrix, Diagonal Matrix etc
Definition 4.1 (Square Matrix).

An n by n matrix is called the n-dimensional Y diagonal elements [)]

the square matrix are a;; where i = 1,2, .

Definition 4.2 (Diagonal Matrix and Identity Matrix).

(1) A EelEI[elaEIREND Y is a square matrix for which all the non-diagonal elements are zero.
(2) An HeEinyAntiinnd is a diagonal matrix where all the diagonal elements are 1.

Definition 4.3 (Kronecker’s Delta).
For any natural numbers 7 and j, the Kronecker’s delta is defined as

P ifi = j;
YL 0 ifd# g,
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Standard Basis

Definition 4.4 (Standard Basis Vectors).

Consider the vector representation of n-dimensional identity matrix:

I, = [61 € - en]a
where o o o
1 0 0
1 0
e = 0 ) €r = 0 ) ) € = 0
0 0 1]

These n vectors are called FSEleEI(oNoEI A i (o) 5.

Partition of Matrix Takeaways
00

AR TS U (X (ST standard vectors Jeid unit vectors &
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Scalar Matrix

“~ With respect to any scalar ¢, the diagonal matrix cI,, is called the [SeEIEI@RENHE. In
particular, 0 = 0I,, and I,, = 11,, are scalar matrices.

Theorem 4.5 (Identity Matrix and Scalar Multiplication).

With respect to any p by q matrix A, the following commutative equations hold:
0,4 = A0, = 0, (1)
I,A=AI,=A. ()
In general, for any scalar c,
(cI,)A = A(cly) = cA. (3)

Christopher Ting Practical English | April 9, 2024 Ver 1.2 28/51
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Proof of Theorem 4.5

— We first prove (3).
~ Let Ip = [5ij]p><p and A = [aij]pxq'

~ From the definition of matrix multiplication, the (i, j) component of (cI,)A is

p
Z c5ikakj = (c5ii)aij = CCLZ']'.
k=1

Hence, (cI,)A = cA.

- Using the same technique, we obtain A(cI,) = cA.

(

The special case of ¢ = 0 give rise to (1).
“~ The special case of ¢ = 1 leads to (2). O]
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Symmetric and Skew-Symmetric Matrices

Definition 4.6 (Symmetric Matrix).

A square matrix A is said to be a when
AT = A.

That is, A5 = Qjj.

Definition 4.7 (Skew Symmetric Matrix).

A square matrix A is said to be a EICIAIMuEAuEDE when

Al =-A

That is, A5 = —0Ayjj.

V.
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Triangular Matrices

Definition 4.8 (Triangular Matrices).
Given a square matrix A = [a;;],

1. When a;; = 0fori > j, A is called the QieJo @il IIEIgpE Y.
2. When a;; = 0fori < j, Ais called the QlQVEIRIERINIEIMnE Y.
All'in all, they are called RigEle[SIEI@pEIle=].

all a12 000 aln a]_l 0 0
0 ax - a2 a a
Upper: | . = _ Lower: |21 %2
0 M 0 a/nn anl an2 oo ann
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Non-Commutativity of Square Matrices
“~ In general, for any two square matrices, AB # BA, that is, .

2 1 1 5
-LetA:[3 _1] andB:{0 4}

2 14

m We find that AB = [3 1

},whereas BA = [17 _4].

12 —4

- But when AB = BA, they are said to be [SunenG-
- For any natural number m, A™ is the of A, which is constructed by
multiplying A with itself m times.

A" =AA---A.
—

m

“~ Obviously, A™ and A are commutative.

Christopher Ting Practical English | April 9, 2024 Ver 1.2  32/51
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The Cayley-Hamilton Theorem for 2 x 2 Matrices
Theorem 4.10 (The Cayley-Hamilton Theorem for 2-D Matrix).

For any arbitrary 2-dimensional matrix A = [Z Z} ,

A? — (a+ d)A+ (ad — be)I = 0.

“— A is commutative with any arbitrary scalar matrix, and thus we have
(A—al)(A—dI) = A*— (a+d)A + adl.
a—d ﬂ

V= NOW,A—aIz[S dﬁa] andA—dI:[ . 0

- It follows that (A — aI) (A —dI) = [S dia] [a;d g] = [OC (?c] = bel.

O

April 9,2024 Ver 1.2 33/51
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Regular/Non-Singular/Invertible Matrices

Definition 4.11 (Regular Matrix).
Let A be a square matrix. If X exists such that

AX =XA=1,
then we say that A is , or , and we write
X =A"'

and define it as the [V R d.

“~ When A is regular, its inverse is unique.
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Theorem 4.12: Properties of Inverse

Takeaways
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Theorem 4.12 (Properties of Inverse).

Suppose the square matrices A and B are regular and have the same dimension. Then
the following statements hold:

(1) IfA~" is regular, then (A1) = A.

(2) IfAT is regular, then (AT) ™' = (A1) "

(3) If AB is regular, then (AB)™' = B~'A™!

(4) If A" is regular, then (A*) ' = (A~")", where h is any natural number.

Christopher Ting Practical English | April 9, 2024 Ver 1.2 35/51
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Proof of Theorem 4.12

Proof of (2) (4') " = (A71)".

“— Statement (1) is clear from the definition.

-~ To prove (2), with respect to AA~! = I, perform the transpose. In view of Theorem
3.6's (AB)' = B’A’, we have

(AA™Y = (A YA =Ir=1
Then multiply both sides from the right by (A’)_1 to obtain

(AH)'a @ =14

Since A'(A) ~! = I, statement (2) ensues.

Christopher Tin Practical English | April 9, 2024 Ver 1.2 36/51
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Proof of Theorem 4.12 (contd)

Proof of (3) (AB)"' = B 'A~! and (4) (Ah)_1 = (A‘l)h.

“~ To prove assertion (3), we compute and obtain
AB(B'A™') = A(BB ')A™' = AA™' = I. Likewise, we find that
(B~'A"')AB = I. Hence, we obtain (AB) ' =B 'A™".

~ We use the to prove (4), starting with 1 = 1, which obviously
holds. Suppose it also holds for h = k > 1. We need to show that it also holds for
h=k+1.

-~ We start from (A’““)_l. Now, let B = A* and substitute it into the proven (3) to
obtain (A*1)™" = (4A4%)"! = (4%)"'A~'. Apply (3) another k times, we get
(A1) Al At = (A)M

k41
“— Hence, it also holds for 1 = k£ + 1 and by induction, statement (4) must be true. DJ
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2-Dimensional Regular Square Matrix

Theorem 4.13.

The square matrix A = [CCL Z] is regular. <= ad — bc # 0.
“— Suppose A is regular. We want to show that it implies ad — be # 0.

“~ We use the method of fofelefe ANl (wilelg}: Given that A is regular, suppose
ad — bec = 0.

-~ By Theorem 4.10, we have A% = (a + d)A.
“~ Multiplying both sides by A~!, we obtain A = (a + d)I, which implies that
A—(a+d)I= [_cd _ba] =0, = a=b=c=d=0.

“~ Thus, A = 0, which contradicts the supposition that A is regular.
Christopher Ting Practical English | April 9, 2024 Ver 1.2 38/51
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Proof of Theorem 4.13 (contd)

Proof (Contd).

“~ Next, we start with ad — be # 0 and show that it leads to A being regular.

2 2

- 9 |a®+bc ab+bd __|a*+ad ab+bd oo

Now, A° = [ac—i—cd be + o2 and (a+d)A = aeted bet d? , resulting in

A% — (a4 d)A = (bc — ad)I.
- Divide both sides by ———, we obtain

ad — bc
1 9 _ _ 1 _ _
_ad—bc(A —(a+d)A)—A( ad—bc(A (a—i—d)I))—I. (4)

= In other words, (_ad e (A= (a+ d)I)) is the inverse of A, which means that A is
regular. O

v
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Inverse of a 2 x 2 Matrix

Corollary 4.14.

When ad — bc # 0, the inverse matrix of A = {Z Z] is

Christopher Ting Practical English | April 9, 2024 Ver 1.2 40/51
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Trace

Definition 4.15 (Trace of a Square Matrix).
With respect to any square matrix A = [a;;] . the of A is defined as

TI'(A) = i Qg
i=1

Christopher Ting Practical English | April 9,2024 Ver 1.2 41/51
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Properties of Trace

Theorem 4.16 (Properties of Trace).

With respect to the square matrices A and B, and the scalar c, the following statements
hold:

1. Tr (A —l—B) (A) + Tr(B), Tr(cA) = cTr(A)
2. Tr(A') = Tx(A)

3. Tr(A ) Tr(BA)

4. Tr(P'AP) = Tr(A), where P is regular.

5. When A is a real-valued matrix, Tr (AT A) = 0

Christopher Tin Practical English | April 9, 2024 Ver 1.2 42/51
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Example of Trace

3 = 2z
Consider amatrix A = |0 z? 1 |. Find all values of x such that Tr (A) = 23.
2 3z 4

"~ The trace of a matrix is defined only on the entries of a matrix in the main diagonal. It
follows that Tr (A) = 3 + 2% + 4.

“— Since Tr (A) = 23, a quadratic equation is obtained as follows:
23 =34 22 + 4.

“~ Upon solving the equation, we find that the solutions are —4 and 4.
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Definition of Matrix Partition

Definition 5.1 (Partition of a Matrix).

Suppose (k — 1) horizontal lines and (¢ — 1) vertical lines are inserted into a p x ¢ matrix

A such that
All te Alf

A= : 5 : (5)
| | Ake

k ¢
where A;; is a p; x q; matrix, Y p; =p,and» _q; =q.

=1 7=1
The matrix A in (5) is called fellele FeEIgiiilelall or EInEURNEUNE LY. The resulting
matrix is called the JeElgiiilelal=le N E\{{Ve.
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Basic Algebra of Partitioned Matrices

Theorem 5.2 (Summation and Scalar Multiplication).

Let the partitioned matrices be A = [A;;], ., and B = [Bj;], . such that for each
i=1,....,kandj=1,...,¢, the matrices A;; and B;; are of the same dimensions. Then
the sum A + B and scalar multiplication cA are block partitioned as, respectively,

A+ B= [Aij +Bij]k><£ and cA= [CA,’j]

kxt:
Theorem 5.3 (Multiplication of Partitioned Matrix).
Let the partitioned matrices be A = [A;;], . , and B = [By;|, . such that for each
i=1,...,kandj=1,...,( the matrices A;,By; are defined. Then C = [Cij]pxq = AB

can be block partitioned as

q
Cij = Z AszkJ
k=1

v

Christopher Ting Practical English | April 9,2024 Ver 1.2 45/51



Partition of Matrix
0000

Inverse of a Partitioned Matrix: Question

() consider two n-dimensional square matrices A = [A“ Az
A21 A22

where A;; and B; are k-dimensional square matrices.

Bi1 By
and B =
] [le B227]

) Moreover, suppose A is regularand A~! = B
() what is B in terms of the sub-matrices Ai;?
()" 1nverse calculation is computationally intensive.

I Matrix partition makes it possible for inverse calculation to be processed in parallel.
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Partition of Matrix
oooe

Inverse of a Partitioned Matrix: Solution

() since B = A1

AB — [An Al?] [311 312} _ |:AllBll +A12B21 A11Bis + A12Bo
Az As| |[Ba1 B A2 By + A»Bo Ag1Big + A2Ba

_ [ Iy ka(n—k):| '
O(n—k‘)xk I, .

U_U We need to solve

A11B11 + A12Boy = I, (6)
A11Bi2 + A12B22 = 0 (1), (7)
A1 B11 + A22Bo1 = 0,y xi» (8)
A21B13 + ApBo =1, (9)
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Partition of Matrix
oooe

Inverse of a Partitioned Matrix: Solution (--x)

() Assume that Ay and A, are regular. From (7) and (8), we obtain

Biy = —A['A15B, (10)
By = —A5) Ay By, (11)

) Plugging Bo; into (6), we obtain

(A — A12A§21A21)311 =1I;.

) Plugging B into (9), we get

(A — A21Af11A12)B22 =1, .
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Partition of Matrix
oooe

Inverse of a Partitioned Matrix: Solution (--x)

UD Hence, we find

B = (A1 — A12A§21A21)_1, (12)
By = (Agy — A21A1_11A12)_1- (13)

()" Plugging (12) and (13) back to (10) and (11), we obtain

By = —A; A (A2 — A21A1_11A12)_1,
By = —A§21A21(A11 - A12A§21A21)_1-

() Thus we have obtained B in terms of A’s partitioned matrices.

Christopher Ting Practical English | April 9, 2024 Ver 1.2  49/51



Iaokeaways
Takeaways

Linear algebra is a mathematical foundation of Al and data science.

Vector a provides an n-dimensional structure to a set of n numbers.

By default, vector a is a column vector. Its transpose a’ (ora ') is a row vector.

Matrix provides an ordered structure to a set of vectors.

Matrix multiplication is not element-wise; it is the sum of row x column.

Inverse is an analog of the usual division.

- -0 -0 -0 0 -0 -0

Transpose and trace are unique to matrices.

? Partitioning of a matrix enables parallel processing of the computation of the inverse

matrix.
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block partition, 44
column vector, 7
commutative, 32
diagonal elements, 26
diagonal matrix, 26
dimension, 11
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inverse matrix, 34
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