§ 1.6 Independent Real Probability Variable
In this section, all X, X;, X, - - - are real probability variables.

Theorem 1.23 (Multiplicative Property of Average Value) If X;, X5, - - -, X, are independent, then
E(X1Xy---Xy) =EXqEXp -+ EX,,.
Proof n = 1 is of course true. When n = 2,
E(X1Xp) = lexzp(xl'XZ) {(x1,x2)} (Theorem 1.3 (v))
Here, Y_ is the sum over x; € O%X1, and x; € O*2. Since X; and X, are independent,

pXuX2) {(x1,%0)} = PXi{x;}PX2{x,},

EX; = inPX]{xi} (Lis over x; € Q%)

Therefore

E(X1X;) = EX1EX;.

Since X1, X, - - - X, are independent, (X3, Xp,---,X,_1) and X, are also independent (Theorem 1.18).

Hence, using the case of n = 2,
E(X1X2 . -Xn,an) = E(X1X2 . Xn,l)EXn.

As X1, X5, -+, Xy—1 is independent of the independent system X, X, - - - , X;; as its subsystem, from the
above equation, if the theorem holds with respect to n — 1, then it also holds for n. |

The additive property of average value
E(X1+X2—|—“'+Xn) =EXi+EX,+---+EX,

holds with respect to any real probability variables. But the multiplicative property is valid only for the

independent case. For example, when X; = X, = X,
E(X1X;) = EX? > (EX)? = EX{EX>,

and as EX? — (EX)? = VX, the equality in the above does not hold in general.



Theorem 1.24 (Additive Property of Variance) If any of the two variables of X1, X»,- -+, X, are

pairwise independent, then
V(Xg+Xp+ -+ Xy) = V(X1) + V(X2) + -+ V(Xa).
Proof LetY; = X; — EX;. Then Y; and Y;(i # j) are independent. Moreover
V(X;) = E(Y?), VX1+Xo++Xy) =E(V1+ Yo+ Yu)?).
From the multiplicative property of average value,
E(Y;Y;) = EY;EY; =0, i#7.

Hence

E(M+Ya+-+Ya)?) =) E(P) +2) E(XVY)) =} E(Y7),

i i<j
that is
V(Xp+Xo 4+ Xp) = V(X)) + V(X2) + -+ V(Xy). 1

If Xy, X5, -+, Xy, are independent, then since the assumptions of the above theorem hold, the addictive
property of variance is obtained. The above theorem asserts that even under the condition weaker than
the independence of X1, X, - - - , X, the same can be said. But it is not without any conditions. In fact,

suppose X1 = Xp = -+ = X, = X, then
V(X1+X2—|—---+Xn):n2V(X), VXi+Xo+ -+ X,) =nV(X).

If X is a real probability variable, for any ¢ € (0,1), X is also a real probability variable. The function
of t
gX(t) = E(t¥), t € (0,1)

is said to be the generating function of X. From Theorem 1.3 (v),

gh(t)= ) t"P¥{x}.

xeQX

By this formula, the probability law PX of X is determined by the generating function ¢*9¢). Indeed,

suppose the points of QX are sorted on size, x; < x < -+ < x,, then the order of PX{x;} is determined



in the following:
PX{x;} = l}fg ¥ eX(t),
k-1
PP} = lime | g7(1) = ), 7P {xi} | -
i=1

If X1, X, - X, are independent, then since t5 1%2 oo X gre independent, by the multiplicative
property of average value, the following theorem is obtained.

Theorem 1.25 (Multiplicative property of generating function) Suppose X, X», - - - X;; are indepen-
dent,and let X = X7+ X5 + - - - + X;,. Then

Example 1.3 Aj, Ay, -+, A, are independent, and P(A;) = p, independent or i. Suppose N is the

number of occurrences of Ay, Ay, - - -, A,. Show that

PN = ({)a-p k=012

Let e;(w) be the indicator function of A;. Then

gi(t) =t'plei=1) +t"p(e; = 0) = tp(A;) + p(AS) =tp+ (1—p).

Express N as {e; }:
N=e1+e+---¢e,.

Since {¢;} is independent, from the independence property of generating function

n

n ‘ n _
g =Tls“t)=(tp+(1-p)" =} (k) P —p) .
i=1 k=0
Hence, P(N = k) = PN{k} = ())pF(1 — p)"*.
Example 1.4 A dice is rolled thrice. Find the probabilities pg and p1g for which the sums of the points
are 9 and 10.
Let the points be X;, X5, X3, and their sum be S.

i) = (t+ 12+ +1) = %(1 57 (1)t

N =

From Theorem 1.22, since Xj, X», X3 are independent, by the multiplicative property of generating



function,

i=1
. 4. .
:6_3 <1—|—3t—|—32 t2—|— 25t3—|—526t4+ > (1—3t6+3t12_t18)t3/
7-8 25
_ 1449s . S n __ =3 _ -
p9 = “t’’s coefficient of ¢g°(t) 6 ( 5 > 216"

.9 27
p1o = “t'%’s coefficient of ¢ (t)” = 6> <8 - 9) ~ 916’

Exercise 1.6 Using the multiplicative property of average value, prove that “if X;, X5, -+, X, are

independent, EX; =0, EXI.2 =1,(i=1,2,---,n),then

E((X] + X1 Xo + X1 Xo Xz 4+ -+ X1 X X3 - Xn)z) =n.



