§ 1.2 Real Random Variable, Random Vector

Let (Q, P) be the probability space of a trial T. The real-valued function X(w) defined on Q) is called
the real random variable on (Q), P). It represents the quantity of randomness in the value taken by X(w)
when the resulting sample point w of T has appeared.

As discussed in the previous section, the probability space ((2, P) of the trial of rolling a dice is given

by
Q=1{1,23,4 5,6}, P(A) :ﬁ?.

Now, when the wager on rolling a dice is such that the payoff received is twice the points, the payoff X is
a real random variable defined by

X(w) =2w.
The probability space (Q), P) of the trial of rolling the dice twice consecutively is given by

_4

Q={(j)]i=123456} ={1,23456}, P(A)= %

In this trial, let the number of points appearing in the first roll be X;, and that of the second roll be X»,

and their sum be X. These are real probability variables defined by, respectively,
Xi(ij) =i,  Xj)=j,  X@Ej=i+j.

Moving back to the earlier generic case, let X = X(w) be the real probability variable. The set of all
possible values taken by X (w), that is, X(Q) is called e the sample space of X, and it is denoted by Q.
For any B C X, the probability of the event “the value of X is in B” is P{w|X(w)}, that is, equal to
P(X!(B)). When viewed as a function of B and written as PX(B), it is easy to understand why, with PX

being a set function on X, pX (B), satisfies the conditions for probability measure, and
X' Bi+B)=X1'B)+X'(B), X 'Q¥)=Q
The probability measure PX is called the probability law of X. In particular
PX{b} =P(X'(b)), beQ*.
Since PX is the probability measure on QX for any B C X,

P*(B) = Y_ PX{b},

beB



and PX is completely determined by having given PX{b} (b € Q¥).
From the above example of rolling the dice twice, let us find the probability space of real probability

variables Xj, X», X that appear as a result. As can be seen from Figure 1.1,

OX = 0% ={1,2,3,4,5,6}, QX=1{1,2,34,56},

X' 6 1
=73 3% 6 TN
CEX(k) { k—1/36  (2<k<7),
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Figure 1.1

Returning to the general probability space (€}, P), when the real probability variables Xj(w), X2(w)

are juxtaposed, a function that takes 2-dimensional values is obtained:
X(w) = (X1(w), X2 (w)) .

It is termed 2-dimensional probability vector variables (or simply probability vector). Even in this in-

stance, the sample space QX of X, the probability law PX are defined as

0¥ = X(0),

PX(B) = P{w|X(w) € B} = P(X"*(B)),  BcC Q.
0% is a subspace of the 2-dimensional space R?, and PX is the probability measure on QX. Since

OX c 0% x 0%



it is necessary that the sets on both sides are not equal. X;(w), X»(w) are the component variables of
X(w), and X(w) is the composite variable of X;(w), Xa(w). The probability law P¥ is the composite
probability law of X; and X, (or the combined distribution). For a generic natural number #, the n-
dimensional probability vector is defined in the same manner.

To a point (x1,xp,- - -, x,) in n-dimensional space R", the function (can also be said as mapping) cor-

responding to its k-th component x; is called the k-image, and is denoted by 7. In other words
(X1, X2, + -+, Xp) = X
If X(w) is the composite variable of X;(w), Xz(w), - - - Xg(w), then
Xi(w) = m(X(w))  andhence Xj = meoX.

The small circle o denotes the composition of functions.
Let X(w) be the probability variable, )X, PX be the sample space and probability law. For a real-

valued function defined on QX, Q: 0OX — R if we let
Y(w) =¢(X(w)), ie. Y=g¢oX,

then a new real probability variable Y (w) is obtained. Its sample space )Y, probability law PY are of

course given by

Q¥ = (9o X)(Q)
PY(C) = P((goX)"(C))

The real probability variable Y (w) obtained in this way is called the function of X(w). More generically,
when X(w) is a n-dimensional probability vector, ¢ is a mapping from QX(C R" onto R™, Y(w) =
¢ (X(w)) becomes the m-dimensional probability vector. Even in this case, Y (w) is the function of X(w).
In particular, if ¢ is taken as the k-image 7y, 71 (X (w)) is equal to the k-th component of X(w), and hence

Xy (w) is a function of X(w).

Theorem 1.2 When Y (w) = ¢(X(w))

' =p(0%),  PXC)=PX(¢7(0)).



Proof Since Y(w) = ¢(X(w)) = (¢ o X)(w),

0" = (9o X)(Q) = 9(X(Q)) = ¢(Q)
P'(C) =P((pox) Q) =P(X(p71(C))) = PX(p(0)).

In the above proof, (¢ o X)"}(C) = X! (¢~1(C)) is used. Its proof is

w € (9o X)H(C) = (9o X)(w) € C == ¢(X(w)) € C

= X(w) €9 HC) = weX (e 1(O)).1
With respect to the real probability variable X (w),

EX =) X(w)P{w}

we()

is the average value (or expected value). Suppose A € () is any set. Then

E(X,A) = Z;L‘ X(w)P{w}.

When X(w) is the probability vector, the average value vector EX is defined component-wise. In other

words, if X (w) is the k-th component of X(w), then
EX = (EX,EXy, -+ ,EX,) € R".

Theorem 1.3 If X and Y are probability vectors, then
(i) (Additive property of average value) E(aX +bY) =aEX+bEY (a and b are constants),
(i) E(X, Ty Ai) = Ty E(X, A)),

(iii) If X(w) = a (a is a constant vector) in on A, then E(X, A) = a P(A), and in particular E(a) = a (the

a on the left is a probability vector that is constantly equal to a),
(iv) EX = Y eqox xPX{x},

(v) fY(w) = ¢(X(w)), then EY = ¥, cox ¢(x)PX{x}.

If X and Y are real probability variables,
(i) X(w) = Y(w) = EX = EY, E(X,A) Z E(Y, A),

(vii) X(w) =20 A C B= E(X,A) < E(X,B).



Proof Except (iv) and (v), the rest are easy and left them to the reader. Prove only (iv) and (v).

(iv) Let Ay = X !(x), and

Q=Y A,

xeOX
hence

E(X)=E(X,Q)= ) E(X A),

xeQX
As X(w) = xon Ay,
E(X,Ay) = xP(A,) = xP*{x}.

From these two formulas, the formula (iv) is obtained.

(v) In the same way as above,

E(p(X)) = ) E(¢(X),Ax) = ) 9(0)P(Ax) = ) o(x)P*{x},

xeQX xeQX xeQX

and the formula (v) is obtained. 1

When A is any arbitrary subset of (), the indicator function 1,4 is defined by

1, weA,
1A(“)){

0, weA".

It is a probability variable that takes value of 1 if event A occurs, and 0 if it does not happen. Clearly,

Under Theorem 1.3’s (iii), it is mentioned that a is a probability variable that is constantly equal to 2, more
precisely it should be written as a 1o (w). However, such abuse of language is quite common across the
field of mathematics, and henceforth as long as confusion does not occur, 2 1 (w) is simply written as a.
Clearly,

El, = P(A), E(X,A) = E(X14).

Theorem 1.4 (i) 14 =114,

(i) If A =N, A; then

n
1A :HlAi :min(lAl,lAz,-u llAn) .
i=1

(i) If A =U" A;, then

n

1a=1-J](1—14) =max(1a,,1a,, - ,1a,).
i=1



Proof (i) and (ii) are simple. To show the first part of (iii), using (i) and (ii), it suffices that

n n ‘ n
1_1A:1AC:H1AC (Notethat (UAZ'> :ﬂAf>
i=1 i=1 i=1
n
= H (1 — 1Ai)
i=1

Moreover, it is easy to understand that 1, is equal to max (14,,14,,- - ,14,). |

The variance V(X) of probability variable X is defined by
V(X) =E((X — EX)?).
Under Theorem 1.3's (v), let ¢(x) = (x — EX)?,

V(X)= Y (x—E(X))*P¥{x}.

xeQX

The covariance of two probability variables X and Y is defined by
V(X,Y) =E((X—EX)(Y —EY)).

Under Theorem 1.3’s (v), use the composite variable (X, Y) instead of X, let ¢(x,y) = (x — EX)(y — EY),

and

VX,Y)= Y (x—EX)(y—EY)PX¥{(x,y)}.
(xy)eQX)

Clearly, V(X,Y) = V(Y, X), V(X,a) = 0 (a is constant), V (X, X) = V(X) = 0.
Theorem 1.5 (i) V(aX +b) = a®V(X), V(aX +b,cY +d) =acV(X,Y),
(i) V(aX +0bY) = a?V(X) +2abV(X,Y) + b*V(Y)
(i) V(X) = EX?>— (EX)?, V(X,Y) = E(XY) — EXEY
i) [VX, V)| = VV(X)V(Y)

Proof To show (i), (ii), and (iii), take the average value on both sides of the following equations:

((aX +b) — E(aX +b))* = a®(X — E(X))?,
((aX+b) —E(aX+b))(cY +d — E(cY +d)) = ac(X — EX)(Y — EY),



((aX +bY) — E(aX +bY))? = a*(X — EX)? +2ab(X — EX)(Y — EY) + b*(Y — EY)?,
(X —EX)? = X*> - 2(EX)X + (EX)?,
(X — EX)(Y — EY) = XY — (EX)Y — (EY)X + EXEY.

To show (iv), for any real number ¢,

0S V(X +Y) = E(X +Y) — (E(tX +Y))?
= E(£(X — EX) +24(X — EX)(Y — EY) + (Y — EY)?)

= 2V(X) +2tV(X,Y) + V(Y).

Accordingly, in the last quadratic expression with respect to ¢, regardless of the value of ¢, it is non-

negative. Taking the determinant

VY2 - VX)V(Y) S0, namely V(X Y) < /V(X)V(Y). 1

With regard to the conditions of real probability variables X(w), Y(w), and Z(w), for example,
X(w)+Y(w) 2 Z(w)
is a condition concerning w also, hence may be considered as an event. Its probability is
Pl{w|X(w) +Y(w) 2 Z(w)}
and written simply as
P{X(w)+Y(w) =2 Z(w)} or P{X+Y2=Z}.

When the probability of an event a(w) is 1, it is said to be “almost surely a(w) is valid,” and the
notation is

a(w) a.s. (a.s. = almost surely)

It is also called “a(w) is valid with probability 1.”
The standard deviation 0 (X) of X, and the correlation coefficient R(X, Y) of X and Y, are respectively



defined as

o(X) = JV(X), R(X,Y):V)((X’Y; when ¢(X),o(Y) > 0.

X(w) = X'(w) as. = EX =EX'  V(X)=V(X), o(X)=c(X)

X(w) = X'(w) as. Y(w) =Y (w) as.= V(X,Y)=V(X,Y), R(X,Y)=R(X,bY).

To show that these are true, it is sufficient to prove the statements with respect to E. Let A = {w|X(w) #
X(w')}, P(A) = 0, then for any w € A, P{w} = 0. Asaresult, E(X,A) = E(X',A) =0, for w € A,
X(w) = X'(w). Consequently E(X, A°) = E(A’, A°),and EX = EX'.

Theorem 1.6 X(w) 20,EX =0 = X(w) =0as.
Proof Let A = {w|X(w) > 0}. Onw € A, X(w) = 0. Hence

EX=E(X,A) = ) X(w)P{w}.

weA

If P(A) > 0, then there exists wy € A such that P{wp} > 0. Of course X(wp) > 0. And for all w, since
X(w) 20, EX 2 X(wo)P{wp} > 0. Hence if EX = 0, then P(A) = 0, thatis, X(w) = 0a.s. |

Theorem 1.7 (i) 0(X) = 0 <= X(w) = EX as,,
(i) 1S R(X,Y) <1,
(iii) If R(X,Y) = +1, then

Y(w)—EY = j:(‘;gg <X(cu) - Y(w) a.s.

Proof (i) Since 0(X)? = E(X — EX)?, it is clear from Theorem 1.6.
(ii) It is clear from Theorem 1.5’s (iv).

(iii) Let k = o(Y) /0 (X). From Theorem 1.5’s (ii) and the definitions of ¢(X) and R(X,Y),

o(Y —kX)? = o(Y)? — 2ka(X)o(Y)R(X,Y) + ko (X)?
= (Y)? = 20(Y)?R(X,Y) + o(Y)?
=20(Y)*(1-R(X,Y)),
and it follows that

R(X,Y) =1 <= o(Y —kX) < Y(w) — kX(w) = EY —kEX a.

Y(w) <= k(X(w) — EX) as.



The case of R(X,Y) = —1 can be discussed in the same way. 1

Theorem 1.8 (Cebysév’s Inequality) Fora > 0,
P{|X(w) —EX| Zac(X)} < 1/d%,

that is
P{EX—ac(X) < X(w) < EX+4ac(X)} =21-1/a.

Proof When ¢(X) = 0, X(w) = EX a.s. from (i) in the previous theorem. Accordingly, the above
inequality obviously holds. Let o(X) > 0 and

A ={w||X(w)—EX| Zac(X)}.

Then
o(X)2=E(X-EX)* 2 E((X—EX)? A) 2 a*c(X)*P(A).

Hence P(A) £ 1/a% 1
Exercise 1.2 Other than (ii), X and Y are real probability variables.
(i) Prove that |EX| < E|X|,  |EX| < VEX2.
[Hint] The former equation is —|X| £ X < |X|. The latter equation is EX? — (EX)? = V(X).
(ii) Use the second equation of (i) and for a probability vector X(w), show that the following inequality
holds.
IEX|| < E||X]|.

(iii) Use E14 = P(A) and Theorem 1.4, give a different proof of Exercise 1.1 (inclusion-exclusion

formula)’s (i). Then, use P(A°) =1 — P(A), derive (ii) of Theorem 1.4. In this instance, apply

i(—l)k ( " ) =(1-1)"=0.
k=0 k

(iv) When 0(X) > 0,a # 0, prove that R(X,aX + b) = sgna. Here, sgna is a function that takes value
+1 according to = a.

(v) Use Cebysév’s inequality and prove the following with o(X), o (Y) > 0

Y(w)—EY X(w)— EX 1
P{' (a)(y) - (U)(X) '>a\/2(1—R(X,Y))}§az (a>0)



(vi) Suppose Xi, X are the points obtained from rolling a dice twice. Express
R(aX1 +a,X5, b1 X1+ bzXz)

in terms of a1, a», by, by.

(vii) Find the value of t such that f(t) = E(X — t)? is the minimum; also find the minimum value of
f(t).

(viii) Find the values of f,s such that g(t,s) = E (Y —tX — s)2 is minimum; also find the minimum

value of g(t,s). Here, 0(X) > 0 is assumed.
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